To solve the inverse gravimetric problem, i.e., to estimate the mass density distribution that generates a certain gravitational field, at local or regional scale, several parameters have to be defined such as the dimension of the 3D region to be considered for the inversion, its spatial resolution, the size of its border, etc. Determining the ideal setting for these parameters is in general difficult: theoretical solutions are usually not possible, while empirical ones strongly depend on the specific target of the inversion and on the experience of the user performing the computation. The aim of the present work is to discuss empirical strategies to set these parameters in such a way to avoid distortions and errors within the inversion. In particular, the discussion is focused on the choice of the volume of the model to be inverted, the size of its boundary, its spatial resolution, and the spatial resolution of the a-priori information to be used within the data reduction. The magnitude of the possible effects due to a wrong choice of the above parameters is also discussed by means of numerical examples.
Introduction
The inverse gravimetric problem is the determination of the subsurface mass distribution ρ given observations of a functional of the anomalous gravitational potential (usually gravity anomalies ∆g or gravity disturbances δg) on a certain surface. It is well known that the inverse gravimetric problem suffers two main problems [1, 2] : its solution is, in general, not unique (i.e., there are many density distributions that produce exactly the same gravitational field [3] ) and unstable (i.e., small high-frequency errors in the observations lead to large changes in the solution [4] ). These problems can be overcome by two approaches. The former approach consists of introducing very restrictive a-priori assumptions thus reducing the class of the estimated models and then applying numerical regularization to deal with the inherent instability. The latter consists of defining an objective (or target) function to select "the best" solution from the infinite possible ones. This means that in the latter case, the solution will depend on the definition of the target function. A typical example of the former approach is the one proposed by Oldenburg [5] in which the inverse gravimetric problem is restricted (by means of data stripping techniques) to the estimate of the depth of the discontinuity between two layers of known densities regularized by applying a low-pass filter. An example of the latter approach is the one presented by Li and Oldenburg [6] where the 3D density distribution in a given region is estimated by fitting the observations and minimizing a proper objective function (generally related to the density distribution). The "best" solution for simple scenarios can be obtained by least squares adjustment [7] or for more complex problems by exploiting Markov chain Monte Carlo methods in a Bayesian framework [8] .
In the current work we will focus on problems at regional or local scales where the scope is the determination of the density distribution ρ (x, y, z) inside a 3D volume that satisfies certain a-priori requirements. For the sake of simplicity we will work in planar approximation: an assumption that is usually adopted when dealing with local problems (i.e., regions smaller than 100 km × 100 km), but which is also adequate for regional studies up to areas of 10 • × 10 • , roughly corresponding to 1000 km × 1000 km [9] . In the considered scenario the data misfit can generally be computed by the following quadratic form:
where y o is the vector of the observations, ρ is the density distribution (note that its dependency from x, y, z has been omitted in order to simplify the notation), C νν is the observation error covariance matrix (supposed diagonal if uncorrelated white noise is considered) and F is the general forward operator. In the case of gravity anomalies in planar approximation, the forward operator is given by the well-known formula:
where x i , y i , z i are the coordinates of the i-element of the observations vector and G is the Newton's gravitational constant. In principle, the integral in (2) should be extended all over the world since Newton's law of universal gravitation relates all masses to the acceleration sensed at a certain point. However, when dealing with local/regional inversion, due to the general complexity of the subsurface mass distribution, only a certain volume V is considered. Moreover, theoretically the density distribution should be defined as a continuous function but, in practise, it is discretized in a set of densities ρ representative of the mean density distribution of each elementary volume. One of the most common discretization in planar approximation consists of dividing the whole volume V into a set of rectangular prisms with size ∆x × ∆y × ∆z. The advantage of such a discretization is that it is possible to compute the gravitational potential, as well as its first and second derivatives, by means of simple exact analytical expressions [10] . So, the data misfit defined in Equation (1), becomes:
where F N is a m × n matrix, with m number of observations and n number of discretized densities, containing at the element i, j the gravitational effect of the prism j to the observation point i obtained by integrating F z accordingly to [10] . An important remark has to be made on the fact that when dealing with such regional inversion problems, the gravitational effect of the Earth normal field (i.e., of a field that has the Earth reference ellipsoid as one of its equipotential surfaces [11] ) is removed. We know from theory that given the total mass of the Earth and the reference ellipsoid there exists just one normal potential, but there are infinite mass distributions generating it [11] . As a consequence, once the normal field has been removed from the observations, we do not known the corresponding density model we have removed and therefore, in principle, we cannot work with absolute densities, but only with density anomalies with respect to an unknown background density with ellipsoidal symmetry. Now, when moving from the ellipsoidal to the planar approximation, this removal of the normal field can be approximated to the removal of an averaged constant field generated by an unknown 3D density model made by a set of Bouguer slabs [12, 13] . At this point two equivalent possibilities are left, either to work with density anomalies with respect to the unknown background model, or to fit the gravitational field apart for a constant mean value. According to this reasoning, and choosing the latter possibility, the new data-misfit equation can be written as:
where E [y o ] is the expectation operator applied to y o , m is the number of observations, I is the identity matrix of size m and J is an m × m all-ones matrix. Basically I − J m F N represents a zero-mean forward operator that we will call F 0 [13] . The impossibility to deal with the full signal, and as a consequence to fit the observations accordingly to the zero-mean forward operator has a major impact on the choice of the inversion parameters, as we will show in the following.
Another standard practice, before inverting the gravitational field, consists of removing the effect of the topographic layer (i.e., removing the gravitational effect of the topography down to the zero level and of the oceanic masses, filled with a given density, from the zero level down to the sea bed). This operation is justified by the fact that in general the topographic layer has well-known geometries (and densities, especially for the oceanic masses), and it is one of the principal sources of the gravitational field.
At this point, we are left with a set of given observations y o to be inverted to estimate a finite set of densities ρ within the discretized study region V. In such a problem the observations as well as their accuracy and spatial resolution can be considered to be known. On the contrary, the volume V (defined by
, the size of the prisms in which it is discretized (namely ∆x, ∆y, and ∆z) and the model of the topographic layer should be properly defined before the inversion. In addition, in order to avoid undesired border effects, a proper border region of side ∆b should be considered. The setting of all these parameters, represented in Figure 1 , is the main objective of the present study. In the next section, criteria to set these parameters will be presented, together with some considerations on the effects of inaccurate choices on the final result.
Inversion Parameters Setting
As described in the previous section, when dealing with regional gravity inversion, due to the complexity of the problem, several approximations are required. In the following we analyze all the parameters identified at the end of Section 1, and set them so that the corresponding errors are smaller than the known observation error. For our purpose we will use, as a case study, the inversion of gravity anomalies from a global geopotential model (e.g., the GECO model [14] ), synthesized at zero level on an area of 100 km × 100 km, in the Western Mediterranean Sea and centered at ϕ = 32.5 • and λ = 32.5 • . The target of this example is the crustal structure, i.e., the density distribution from the zero level down to the maximum depth of the Moho (i.e., down to about 22 km ± 2 km accordingly to [15] ). We will suppose, in addition, that the observation error has a standard deviation (STD) of 3 mGal with a correlation length of 5 km.
Model Volume V
Let us start the discussion with the proper setting of the 3D volume V on which the inversion should be performed. We can say that the extreme coordinates in the xy-plane (x
can be easily chosen considering the target of the inversion, while determining the maximum depth z − V is a more difficult task. In this respect, we define two main possibilities.
One possibility could be to set z − V in such a way that the density anomalies below it generate a signal smaller than the observation error (in terms of STD). We will call this depth z − V . In fact, when considering deep density anomalies, density variations became smooth and, due to the large distances from the observation points, they generate an even smoother signal. As a consequence z − V can be chosen as the depth below which the gravitational effect of the density anomalies has a STD smaller than the observation error. These masses can safely be disregarded, since according to Equation (4) the average signal is not fitted in the inversion.
Another possibility could be to consider an a-priori depth z V are supposed known and their effects are removed from the observations. Since the current knowledge of the mantle density distribution is still uncertain, within this work, we analyzed 11 tomographic models (see Table 1 ) converted to density models according to different hypothesis for a total of 79 models (see [16] for details). Figure 2 shows the average density and the corresponding STD as functions of depth, computed from the different models in the study region. The two dotted light blue lines represent the mean densities of the upper mantle and of the asthenosphere as provided by the more recent LithoRef18 model [28] , here reported only for the sake of comparison.
To set z − V , one way to proceed is to forward-compute the gravity field of each model, by means of the F 0 operator, from a "candidate"ẑ − V , up to a certain maximum depth z Max (e.g., the bottom of the asthenosphere at about 200 km depth). This quantity can be considered to be the error (in mGal) due to the omission, in our model, of the region fromẑ It can be noticed that if we suppose an observation error of the order of 3 mGal (dashed line), z − V should be deeper than 110 km. This will guarantee an omission error smaller than the observation error. The red line in Figure 3 represents the propagation (in terms of gravity anomaly) of the uncertainty of global mantle density models from different depthsẑ − V to z Max or, in other terms, the sensitivity of the deep anomaly correction to errors in the lithospheric model. Basically it shows that by computing the effect of different mantle models from a depth of 25 km to a depth of 200 km we have a maximum uncertainty of 1.5 mGal (which decreases to less than 1 mGal, if we compute it from 100 km to 200 km). Consequently, this means that the gravitational effect of the mantle density distribution fromẑ − V to z Max can be predicted with an accuracy (1σ) better than 1.5 mGal (for the current scenario). Since Root et al. [29] showed that in general, available tomographic models are filtered with a 200 km half width Gaussian filter, we evaluate the effect of the presence of high frequencies in the lithosphere by computing the gravitational signal due to random density anomalies with correlation length in the x, y directions of 50 km, an amplitude of 100 kg m −3 and a fixed thickness of 5000 m. It turns out that this perturbation to the initial model produces effects of the order of few tenths of a milligal which are therefore negligible.
With these results in mind, we have two possibilities for our inversion: to extend the maximum depth of the volume V up to 110 km (even if we are interested only in shallower densities), or to remove the effect of the density anomalies taken from one of the above tomographic models up to a certain z Max (thus committing an error of about 1.5 mGal). Now, since the 1σ of the mantle effect (red line in Figure 3 ) is always smaller than the omission error STD (black line in Figure 3) , and taking into consideration also the computational burden required to invert our volume, the latter solution is the preferable one. Please note that of course the above results are strictly dependent on the size of the area of interest (i.e., larger areas will require a deeper volume V), and on the specific region considered (i.e., regions characterized by more rapid density variations inside the mantle will have higher uncertainty and greater STD regarding those shown in Figure 3 ). From Figure 3 it can also be inferred that in principle, for observations with an accuracy of 1 mGal (typical of airborne gravimetry) the only possibility to keep the model accuracy below the data accuracy, is to extend the inversion volume V up to a depth of 100 km (i.e., up to a depth for which the red line in Figure 3 is below the 1 mGal threshold) and to remove from the observations the effect of remaining part of the upper mantle density anomalies.
We can summarize that in this section we have defined a strategy based on global tomographic mantle models, to set the depth z − V for the inversion model volume V. Moreover, for the current example, aimed to estimate the crustal structure on a region of about 100 km × 100 km from a grid of gravity anomalies at zero level (accuracy of 3 mGal), a maximum depth of 25 km is suitable only if the effect of deeper density anomalies are stripped from the observations.
Border Size ∆b
Once the volume V to be modeled for the inversion is defined, we cannot neglect that important border effects are usually expected. In particular, due to the way in which the volume is modeled we must add, at least in a simplified way, the masses close to the volume boundary up to a certain distance ∆b. This is quite obvious if we look at the gravitational effect, shown in Figure 4a , generated by a volume V, with size 100 km in the x and y directions and z − V = −25 km, with a constant density of 2670 kg m −3 . It can be clearly seen, from this figure, how the gravitational signal is affected by the lack of masses outside V (the curvature at the extremes is a consequence of this).
Again, the problem of the dimension of the border size (∆b) can be solved empirically in a similar way to Section 2.1. Considering a target accuracy given by the observation error, i.e., 3 mGal for our test case, we can start to increase ∆b, in such a way that the STD of the gravitational field above V (where we have the gravity observations) is smaller than the target accuracy. In Figure 4b the STD of the effect of the borders (taken here with a constant density of 2670 kg m −3 ) for z − V = −25 km is represented. It can be seen that for the considered volume depth, a border up to about 165 km is required to guarantee an accuracy of 3 mGal.
Finally, Figure 4c shows the border size ∆b as a function of the maximum depth of the volume z − V for three different levels of accuracy, namely 0.5 mGal, 1 mGal and 3 mGal in blue, black, and red respectively. It can be seen, for instance, that if 1 mGal accuracy is assumed, the border size increases from 165 km to 260 km (it reaches 340 km in case of 0.5 mGal). Moreover, if the maximum depth for the inversion volume is increased from 25 to 30 km the size of the border increases to 190 km, 300 km and 400 km for the 3 mGal, 1 mGal and 0.5 mGal accuracy respectively. Please note that ∆b is independent from the model resolution ∆x, ∆y and ∆z as well as from the extension of the volume V in the xy−plane (supposing to have extensions up to a few degrees by a few degrees as stated in the Introduction). With this respect the choice of ∆b here presented can be seen as an extension of the work of Szwillus et al. [30] on the importance of far-field effects to the regional/local scale. Once we have fixed ∆b we can investigate the best way to deal with such a border within the data stripping. In doing so, we must consider that usually high-resolution, high-reliability models would probably not be available for that region, due to its dimension and to the fact that it is not the region of interest. So, a possibility could be to use a global crustal model such as CRUST1.0 [31] or LITHO1.0 [32] . However, this solution can be, in terms of computational burden, quite consuming since we must forward-compute the gravity field of a quite large area. Moreover, these global models often do not perfectly join to the more accurate model of the study area, thus introducing unwanted density discontinuities close to the borders of V. A very simple way to proceed consists of extending the a-priori density distribution from the volume V into the border volume by means of a nearest neighbor interpolation. This interpolation has the advantage of giving a density model of the borders which is continuous with that of V and moreover, filling large border areas with constant densities, reduces the computational time required to evaluate its gravitational effect.
To give the reader an example, Figure 5 shows the density model at a depth of 22 km from the CRUST1.0 model (a), and the density model extrapolated by the nearest neighbor algorithm (b). The black rectangles at the center of each map represent the study area. Please note that within this region both the models have the same density. If we compute the gravitational effect of the CRUST1.0 model and we compare it with the effect of the model from nearest neighbor interpolation we get a STD of the differences of 2.5 mGal (for a volume V defined as in the previous section). This means that the two models are not significantly different if compared with the observation error of 3 mGal. Of course combined solutions can also be performed: for instance, take the first border of about 10 km from the a-priori model and then extrapolate the rest with the nearest neighbor. For our test case such a mixed solution would reduce the error STD to about 1.5 mGal.
Concluding this section, we can summarize that from various empirical tests we determine that a border ∆b = 165 km is required for the inversion of our volume with z − V = −25 km. Of all this border the first 10 km can be properly modeled from a prior density model and considered within the inversion, while the remaining part can be fixed and extrapolated with a nearest neighbor algorithm. This procedure will guarantee errors in the inversion due to the border effect smaller than 1.5 mGal.
Model Resolution ∆x, ∆y, ∆z
Once the optimal size of the volume V and of the border have been evaluated, the volume V itself should be discretized, e.g., in a set of rectangular prisms. When dealing with this operation, different factors should be considered:
• the volume of each prism should be small enough to consider constant the mass density within the prism itself; • ∆x, ∆y and ∆z should be chosen in such a way to have a discretization error smaller than the observation error; • ∆x, ∆y and ∆z should be chosen in such a way to reduce as much as possible the computational burden;
To evaluate ∆x and ∆y the easiest way is again by means of an empirical method. We can start by considering an a-priori model with the maximum available resolution (in our example we used as a-priori model the 3D model from [15] with a maximum lateral resolution of 500 m). Then we downsample the model by a factor 2, 3 and 5 obtaining lateral resolutions of 1000 m, 1500 m and 2500 m, respectively. Please note that the number of prisms in the x and y directions decreases from 220 × 220 in the initial model to just 44 × 44 for the model with resolution 2500 m. In Figure 6 the signal of the a-priori model (a), and its residuals with respect to the signals generated from the different downsampled models (b), (c), and (d) are shown. It can be seen that even considering the 2500 m resolution model (case (d)) the STD of the residuals is of just 0.2 mGal, which is well below the 3 mGal level. A further downsampling could be possible considering the observation error; however, in this case, we stop the downsampling since the problem has a dimension that can be numerically handled by the inversion SW used. It must be considered that the sensitivity of the gravitational field in detecting density variations decreases when the distance between the mass source and the observation point increases. As a consequence, when performing the inversion, the densities in the upper part of the model tend to change while the bottom part stays constant [6] . In order to deal with this problem we can set ∆z in such a way that each voxel (volume prismatic element) gives the same contribution to the observations. This means choosing ∆z such as:
where
N is the i, j element of the matrix F N . Figure 7 shows ∆z as a function of depth by imposing that each prism gives the same gravitational effect on the observations of a 100 m thick prism with its top at zero level. A part regularizing the problem in a way similar to the so-called depth weighting [6, 33] , the above discretization allows improvement of the computational time, reducing the number of prisms in the z direction, e.g., from 250 to 197 in the current example.
Summarizing, in this section we showed that for the considered scenario, ∆x and ∆y can be chosen in such a way to reduce the computational burden up to a desired level since they have a minor impact on the accuracy of the model. As for ∆z, we have set a rule to increase the prism thickness with depth which regularize the inverse problem and reduce the number of unknowns without affecting the accuracy of the modeling.
The optimal dimensions in which the volume V can be discretized do not greatly affect the solution, in fact even applying different downsampling in the xy-plane does not significantly change the forward-modeled gravitational signal. As a consequence they can be chosen in such a way to reduce as much as possible the computational burden but always recalling that the volume of each prism should be small enough to consider constant the mass density within the prism itself.
Data Reduction
The last problem we deal with concerns the data reduction. As recalled in the Introduction, the standard practice is to invert the gravitational field in terms of Bouguer anomalies (∆g B ), i.e., gravity anomalies (∆g) reduced for the effect of the topographic layer (∆g TC ):
The use of ∆g B is justified because the gravitational effect of the topographic layer is among the largest signals and for sure it is the one at highest frequencies. Moreover, as the geometries of topography and seabed are in general well known from Digital Terrain Models (DTM), their corresponding gravitational effects can be computed in a quite accurate way. However, when selecting the DTM to compute ∆g TC , we must be sure that it is consistent with the observed ∆g. In fact gravity anomalies are obtained by means of the application of filters or regularizations to the raw observations and, consequently, they do not contain the full spectrum of the gravitational field. Usually the very-high frequencies are removed. To give an example: let examine a grid of gravity anomalies from a global gravity field model up to degree 2190; it is well known that the maximum spatial resolution achievable is around 10 km half-wavelength [34] . Now, a DTM used to compute the Bouguer anomalies from such a global model should be chosen in such a way that its gravitational effect has a similar spatial resolution. If it is not the case, when applying Equation (6), we will remove the signal frequencies contained in the two terms ∆g and ∆g TC , but we will also add the high-frequency content of ∆g TC to ∆g (with opposite sign). A possible way to deal with this problem is to compare the stochastic characteristics (e.g., in terms of covariances) of ∆g and ∆g TC applying a low-pass filter (e.g., moving average) to the DTM, and therefore smoothing ∆g TC . Figure 8 shows the covariance of ∆g (blue line) and of ∆g TC (red line) for the considered example. Here, ∆g TC has been computed from the etopo1 model [35] . It can be seen that ∆g TC has larger amplitudes at the high frequencies. If we apply a moving average with spatial dimension of 5 km, which is quite consistent to the a-priori information of the GECO model, we get a field with similar amplitudes (black line in Figure 8 ). Please note that here the size of the moving average applied to the DTM is smaller than the global model spatial resolution (i.e., 5 km versus 10 km); however the forward operator, used to compute ∆g TC , acts as a low-pass filter, thus making ∆g TC consistent with ∆g. Before concluding this section, we have to observe that in order to deal with the frequency content of the terrain effect, one can think also to compute ∆g TC from a high-resolution DTM and smooth ∆g TC afterwards. This would probably give similar results; however such an approach has the disadvantage that once ∆g TC has been smoothed, we do not know anymore the DTM who is generating it.
In this section, we dealt with the problem of consistency of gravitational signals frequency content that cannot be neglected when performing data reduction. The choice of a DTM with a higher resolution could in fact lead to the introduction, within the observed signal, of unwanted high frequencies. We proposed a method to solve this problem, by the analysis of stochastic characteristics of the signals and the application of a filter to make them consistent.
Conclusions
Within this work we have seen that various parameters, namely the size of the volume V to be considered within the inversion (and in particular the maximum depth of V), the size of the borders, the spatial resolution in which V should be discretized and the resolution of a-priori models to be used for the data reduction, should be properly set before dealing with a classical gravity inversion problem. Possible empirical rules to set each of the above-mentioned parameters have been defined. For instance, the classical scenario of retrieving the density distribution within the crust (up to −25 km) on a region of 100 km×100 km, from the inversion of gravity anomalies derived from a high-resolution global model (3 mGal accuracy), requires that:
• we can invert for density anomalies up to a depth of 25 km if we remove from the observations the effect of the density anomalies below 25 km from an a-priori mantle density model (this will entail an error of about 1.5 mGal); • we consider borders, in the data reduction, of 165 km around the volume V (this will entail an error of about 3 mGal). The density anomalies in the border can be taken from global models (e.g., CRUST1.0) or even by extrapolating in a constant way the a-priori information available on the density in the volume V; • V can be discretized on a set of prisms with side 2500 m and a thickness variable between 100 m at the top and 150 m at a depth of 20 km. The discretization in the x and y directions is dictated, in the studied scenario, by the available computational power\time;
• to compute the Bouguer anomaly, we can use the etopo1 model, smoothed with a moving average of size 5 km.
The above findings, outlined for the case study, can be safely applied for inversions with similar characteristics (e.g., area smaller than 100 km × 100 km, depths up to 25 km and observation error of 3 mGal). In other cases the procedure delineated in the paper should be repeated to obtain appropriate values.
